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ON THE INVERSE BRAID AND REFLECTION MONOIDS OF TYPE B
V. V. VERSHININ
Abstract. There are well known relations between braid groups and symmetric groups, be-
tween Artin-Briskorn braid groups and Coxeter groups. Inverse braid monoid the same way
is related to the inverse symmetric monoid. In the paper we show that similar relations exist
between the inverse braid monoid of type B and the inverse reflection monoid of type B. This
gives a presentation of the last monoid.
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1. Introduction
Let V be a finite dimensional real vector space (dimV = n) with Euclidean structure. Let
W be a finite subgroup of GL(V ) generated by reflections. We suppose that W is essential,
i.e. that the set of fixed vectors by the action of W consists only of zero: V W = 0. Let M
be the set of hyperplanes such that W is generated by orthogonal reflections with respect to
M ∈ M. We suppose that for every w ∈ W and every hyperplane M ∈ M the hyperplane
w(M) belongs to M.
Consider the complexification VC of the space V and the complexification MC of M ∈ M.
Let YW = VC −
⋃
M∈MMC . The group W acts freely on YW . Let XW = YW/W then YW is a
covering over XW corresponding to the group W .
This generalized braid group Br(W ) corresponding to the Coxeter group W is defined as the
fundamental group of the space XW of regular orbits of the action of W and the corresponding
pure braid group P (W ) is defined as the fundamental group of the space YW . So, for the
generalized braid groups is Br(W ) = π1(XW ), P (W ) = π1(YW ). The groups Br(W ) were
defined by E. Brieskorn [3], and are called also as Artin–Brieskorn groups. E. Brieskorn [3] and
P. Deligne [4] proved that the spaces XW and YW are of the type K(π, 1).
The covering which corresponds to the action of W on YW gives rise to the exact sequence
1→ π1(YW )
p∗
→ π1(XW )→W → 1.
So, there is a naturally defined map ρ : Br(W )→ W .
Geometrical braid, as a system of n curves in R3 lead to the notion of partial braid where
several among these n curves can be omitted; partial braids form the inverse braid monoid IBn
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Figure 1.1.
[5]. By definition a monoid is inverse if for any element a of it there exists a unique element b
(which is called inverse) such that
a = aba
and
b = bab.
This notion was introduced by V. V. Wagner in 1952 [15]. See the books [10] and [9] as general
references for inverse semigroups.
The multiplication of partial braids is shown at Figure 1.1. At the last stage it is necessary
to remove any arc that does not join the upper or lower planes.
So, the classical braid group (which corresponds to W = Σn, symmetric group) is included
into the inverse braid monoid IBn.
The most important example of an inverse monoid is a monoid of partial (defined on a subset)
injections of a set into itself. For a finite set this gives us the notion of a symmetric inverse
monoid In which generalizes and includes the classical symmetric group Σn. A presentation
of symmetric inverse monoid was obtained by L. M. Popova [11], see also formulas (2.1-2.3)
below.
Now letW be the Coxeter group of type Bn. The corresponding inverse braid monoid IB(Bn)
was studied in [14] and the reflection monoid I(Bn) in [6].
The aim of the present paper is to show that in the case of type B the situation is quite
similar: there exists a map ρB : IB(Bn)→ I(Bn) such that the following diagram
(1.1)
Br(Bn) −−−→ W (Bn)
↓ ↓
IB(Bn)
ρB
−−−→ I(Bn)
(where the vertical arrows mean inclusion of the group of invertible elements into a monoid) is
commutative.
2. Inverse braid monoid and type B
Let N be a finite set of cardinality n, say N = {v1, . . . , vn}. The inverse symmetric monoid
In can be interpreted as a monoid of partial monomorphisms of N into itself. Let us equip
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elements of N with the signs, i.e. let SN = {δ1v1, . . . , δnvn}, where δi = ±1. The Weyl group
W (Bn) of type B can be interpreted as a group of signed permutations of the set SN :
W (Bn) = {σ − bijection of SN : (−x)σ = −(x)σ for x ∈ SN}.
The monoid of partial signed permutations I(Bn) is defined as follows
I(Bn) = {σ − partial bijection of SN : (−x)σ = −(x)σ for x ∈ SN
and x ∈ domσ if and only if − x ∈ dom σ},
where dom σ means a domain of definition of the monomorphism σ.
We remind that a monoid M is factorisable if M = EG where E is a set of idempotents of
M and G is a subgroup of M . Evidently the monoid I(Bn) is factorisable [6] as every partial
signed permutation can be extended to an element of the group of units of I(Bn) i.e. a signed
permutation with the domain equal to SN .
Usually the braid group Brn is given by the following Artin presentation [1]. It has the
generators σi, i = 1, ..., n− 1, and two types of relations:
(2.1)
{
σiσj = σj σi, if |i− j| > 1,
σiσi+1σi = σi+1σiσi+1 .
The following presentation for the inverse braid monoid was obtained in [5]. It has the
generators σi, σ
−1
i , i = 1, . . . , n− 1, ǫ, and relations
(2.2)

σiσ
−1
i = σ
−1
i σi = 1, for all i,
ǫσi = σiǫ for i ≥ 2,
ǫσ1ǫ = σ1ǫσ1ǫ = ǫσ1ǫσ1,
ǫ = ǫ2 = ǫσ21 = σ
2
1ǫ
and the braid relations (2.1).
Geometrically the generator ǫ means that the first string in the trivial braid is absent.
If we replace the first relation in (2.2) by the following set of relations
(2.3) σ2i = 1, for all i,
and delete the superfluous relations
ǫ = ǫσ21 = σ
2
1ǫ,
we get a presentation of the symmetric inverse monoid In [11] . We also can simply add the
relations (2.3) if we do not worry about redundant relations. We get a canonical map [5]
ρn : IBn → In
which is a natural extension of the corresponding map for the braid and symmetric groups.
More balanced relations for the inverse braid monoid were obtained in [7]. Let ǫi denote the
trivial braid with ith string deleted, formally:{
ǫ1 = ǫ,
ǫi+1 = σ
±1
i ǫiσ
±1
i .
So, the generators are: σi, σ
−1
i , i = 1, . . . , n− 1, ǫi, i = 1, . . . , n, and relations are the following:
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(2.4)

σiσ
−1
i = σ
−1
i σi = 1, for all i,
ǫjσi = σiǫj for j 6= i, i+ 1,
ǫiσi = σiǫi+1,
ǫi+1σi = σiǫi,
ǫi = ǫ
2
i ,
ǫi+1σ
2
i = σ
2
i ǫi+1 = ǫi+1,
ǫiǫi+1σi = σiǫiǫi+1 = ǫiǫi+1,
plus the braid relations (2.1).
Let EFn be a monoid of partial isomorphisms of a free group Fn defined as follows. Let a
be an element of the symmetric inverse monoid In, a ∈ In, Jk = {j1, . . . , jk} is the image of a,
and elements i1, . . . , ik belong to domain of the definition of a. The monoid EFn consists of
isomorphisms
< xi1 , . . . , xik >→ < xj1 , . . . , xjk >
expressed by
fa : xi 7→ w
−1
i xa(i)wi,
if i is among i1, . . . , ik and not defined otherwise and wi is a word on xj1 , . . . , xjk . The compo-
sition of fa and gb, a, b ∈ In, is defined for xi belonging to the domain of a ◦ b. We put xjm = 1
in a word wi if xjm does not belong to the domain of definition of g. If we put wi = 1 we get an
inclusion of In into EFn. Sending each fa ∈ EFn to a ∈ In we get a homomorphism EFn → In.
Proposition 2.1. The canonical maps In → EFn and EFn → In give the following splitting
In → EFn → In.

We remind that the Artin-Brieskorn braid group of the type B is isomorphic to the braid
group of a punctured disc [8], [12], [13]. With respect to the classical braid group it has an
extra generator τ and the relations of type B:
(2.5)

τσ1τσ1 = σ1τσ1τ,
τσi = σiτ, if i > 1,
σiσi+1σi = σi+1σiσi+1,
σiσj = σj σi, if |i− j| > 1.
The monoid IBBn of partial braids of the type B can be considered also as a submonoid of
IBn+1 consisting of partial braids with the first string fixed. An interpretation as a monoid of
isotopy classes of maps is possible as well. As usual consider a disc D2 with given n+1 points.
Denote the set of these points by Qn+1. Consider homeomorphisms of D
2 onto a copy of the
same disc with the condition that the first point is always mapped into itself and among the
other n points only k points, k ≤ n (say i1, . . . , ik) are mapped bijectively onto the k points
(say j1, . . . , jk) of the set Qn+1 (without the first point) of second copy of D
2. The isotopy
classes of such homeomorphisms form the monoid IBBn.
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Theorem 2.1. [14] We get a presentation of the monoid IB(Bn) if we add to the presentation
of the braid group of type B (2.5) the generator ǫ and the following relations
(2.6)

ττ−1 = τ−1τ = 1,
σiσ
−1
i = σ
−1
i σi = 1, for all i,
ǫσi = σiǫ for i ≥ 2,
ǫσ1ǫ = σ1ǫσ1ǫ = ǫσ1ǫσ1,
ǫ = ǫ2 = ǫσ21 = σ
2
1ǫ
ǫτ = τǫ = ǫ.
We get another presentation of the monoid IB(Bn) if we add to the presentation (2.4) of IBn
one generator τ , the type B relations (2.5) and the following relations{
ττ−1 = τ−1τ = 1,
ǫ1τ = τǫ1 = ǫ1.
It is a factorisable inverse monoid.
We define an action of IB(Bn) on SN by partial isomorphisms as follows
(2.7) σi(δjvj) =

δivi+1, if j = i,
δi+1vi, if j = i+ 1,
δjvj, if j 6= i, i+ 1,
(2.8) τ(δjvj) =
{
−δ1v1, if j = 1,
δjvj , if j 6= 1,
(2.9) dom ǫ = {δ2v2, . . . , δnvn},
(2.10) ǫ(δjvj) = δjvj, if j = 2, . . . , n,
(2.11) dom ǫi = {δ1v1, . . . , δ̂ivi, . . . , δnvn},
(2.12) ǫi(δjvj) = δjvj , if j = 1, . . . , î, . . . , n.
Direct checking shows that the relations of the inverse braid monoid of type B are satisfied by
the compositions of partial isomorphisms defined by σi, τ and ǫi.
Theorem 2.2. The action given by the formulas (2.7 - 2.12) defines a homomorphism of
inverse monoids ρB : IB(Bn)→ I(Bn) such that the diagram (1.1) is commutative.

Theorem 2.3. The homomorphism ρB : IB(Bn) → I(Bn) is an epimorphism. We get a
presentation of the monoid I(Bn) if in a presentation of IB(Bn) we replace the first relation in
(2.2) by the following set of relations
σ2i = 1, for all i,
and delete the superfluous relations
ǫ = ǫσ21 = σ
2
1ǫ,
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and we replace the first relation in (2.6) by the following relation
τ 2 = 1.
Proof. Let us temporarily denote by IBn the monoid with the presentation given in the state-
ment of Theorem. To see that the homomorphism ρB is an epimorphism we use the fact that
the monoid I(Bn) is factorisable, so its every element can be written in the form ǫg where
ǫ belong to the set of idempotents and g is an element of the the Weyl group of type B,
W (Bn). For the Weyl group the map ρB is an epimorphism W (Bk) = Br(Bk)/P (Bk) and the
sets of idempotents for the monoids IB(Bn) and I(Bn) coincide and the map ρB restricted to
E(IB(Bn)) is identity.
It follows from the definition of the action that τ 2 and σ2i are mapped to the unit by the map
ρB. So the homomorphism ρB is factorised by the homomorphism ρ˜B : IBn → I(Bn):
ρB : IB(Bn)→ IBn → I(Bn).
To show that ρ˜B is an isomorphism we compare the cardinalities of IBn and I(Bn). It is easy
to calculate that the cardinality of I(Bn) is equal to
∑n
k=0 2
k
(
n
k
)2
k!.
Let ǫk+1,n denote the partial braid with the trivial first k strings and absent of the rest n− k
strings. It can be expressed using the generator ǫ or the generators ǫi as follows
ǫk+1,n = ǫσn−1 . . . σk+1ǫσn−1 . . . σk+2ǫ . . . ǫσn−1σn−2ǫσn−1ǫ,
ǫk+1,n = ǫk+1ǫk+2 . . . ǫn.
It was proved in [5] that every partial braid has a representative of the form
σi1 . . . σ1 . . . σik . . . σkǫk+1,nxǫk+1,nσk . . . σjk . . . σ1 . . . σj1 ,
k ∈ {0, . . . , n}, 0 ≤ i1 < · · · < ik ≤ n− 1 and 0 ≤ j1 < · · · < jk ≤ n− 1,
where x ∈ Brk. The same is true for IB(Bn), where x ∈ Br(Bn). The elements τ
2 and σ2i
are mapped to 1 by ρB, so each equivalence class modulo pure braid group of the type Bk is
mapped to the same element in I(Bn). These equivalence classes form the Weyl group W (Bk).
The order of the Weyl group of type Bk is equal to 2
kk!. We see that the set of cardinality
less or equal than
∑n
k=0 2
k
(
n
k
)2
k! is mapped epimorphically onto the set of exactly this
cardinality. It means that the epimorphism ρ˜B is an isomorphism. 
Let E be the monoid generated by one idempotent generator ǫ.
Proposition 2.2. The abelianization Ab(IBBn) of the monoid IBBn is isomorphic to E ⊕Z
2,
factorised by the relations {
ǫ+ τ = ǫ,
ǫ+ σ = ǫ,
where τ and σ are generators of Z2. The canonical map
a : IBBn → Ab(IBBn)
is given by the formulas: 
a(ǫi) = ǫ,
a(τ) = τ,
a(σi) = σ.
ON THE INVERSE BRAID AND REFLECTION MONOIDS OF TYPE B 7
The canonical map from Ab(IBBn) to Ab(I(Bn)) consists of factorising Z
2 modulo 2.

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